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This paper presents a boundary integral method for approximating the conformal mappings
from any bounded or unbounded multiply connected region G onto the second, third
and fourth categories of Koebe’s canonical slit domains. The method can be also used for
calculating the conformal mappings of simply and doubly connected regions. The method is
an extension of the author’s method for the ﬁrst category of Koebe’s canonical slit domains
(see [M.M.S. Nasser, Numerical conformal mapping via a boundary integral equation with
the generalized Neumann kernel, SIAM J. Sci. Comput. 31 (2009) 1695–1715]). Three
numerical examples are presented to illustrate the performance of the proposed method.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
A boundary integral method has been presented in [9] for approximating the conformal mappings from any bounded or
unbounded multiply connected region G onto the ﬁve classical canonical slit domains listed in the classical books [2,10], i.e.,
an annulus with concentric circular slits, a disk with concentric circular slits, circular slits domain, radial slits domain, and
parallel slits domain. These ﬁve domains are the ﬁrst category of Koebe’s canonical slit domains (see Koebe [4, Figs. 1–5]).
In this paper, we extend the results of [9] by presenting a boundary integral method for approximating the conformal
mappings from any bounded or unbounded multiply connected region G onto the following canonical slit domains which
include as special cases the second, third and fourth categories of Koebe’s canonical slit domains (see Koebe [4, Figs. 6–13]):
1. An annulus with spiral slit domain Ω(1) (see Fig. 1(a)). This canonical domain includes as special case the canonical
domain considered in [4, Fig. 6] (see also [14, p. 112]).
2. A disc with spiral slit domain Ω(2) (see Fig. 1(b)). This canonical domain includes as special case the canonical domain
considered in [4, Fig. 7] (see also [14, p. 112]).
3. Spiral slit domain Ω(3) (see Fig. 1(c)). This canonical domain includes as special cases the canonical domains considered
in [4, Fig. 8, Figs. 12–13] (see also [3], [5, p. 135] and [14, p. 127]).
4. Straight slit domain Ω(4) (see Fig. 1(d)). This canonical domain includes as special cases the canonical domains consid-
ered in [4, Figs. 9–11] (see also [14, p. 127] and [12, p. 460]).
The proposed method is based on a boundary integral equation with the generalized Neumann kernel formed with a
function A which is slightly different from the function A used in [9]. Thus, the kernel of the integral equation presented
in this paper is slightly different from the kernel of the integral equation presented in [9]. However, similar to the results
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Fig. 2. Examples of multiply connected region G , (a) bounded, (b) unbounded.
obtained in [9], the integral equation is uniquely solvable and can be used to compute the approximate mapping functions
from any bounded or unbounded multiply connected region G onto any of the four canonical slit domains in Fig. 1. The
presented boundary integral equation can be used also to calculate the conformal mappings even when G is simply or
doubly connected regions.
2. Auxiliary material
Let G be an (m + 1)-multiply connected domain in the extended complex plane C := C ∪ {∞} with 0 ∈ G where m 0
(except for the case Ω(1) where we assume m  1). For m = 0, the region G is a simply connected region. Let G has the
boundary
Γ := ∂G =
m⋃
j=0
Γ j
where Γ0,Γ1, . . . ,Γm are closed Jordan curves. The complement G− :=C\G of G with respect to C consists of m+1 simply
connected components G0,G1, . . . ,Gm . The domain G can be bounded or unbounded. For bounded G , the components
G1, . . . ,Gm are bounded and the component G0 is unbounded with ∞ ∈ G0 (see Fig. 2(a)). If G is unbounded, then ∞ ∈ G
and the all components G0,G1, . . . ,Gm are bounded (see Fig. 2(b)). The orientation of Γ is such that G is always on the left
of Γ .
The curve Γ j is parametrized by a 2π -periodic twice continuously differentiable complex function η j(s) with non-
vanishing ﬁrst derivative η˙ j(s) = dη j(s)/ds = 0, s ∈ J j := [0,2π ], j = 0,1, . . . ,m. The total parameter domain J is the
disjoint union of m + 1 intervals J0, J1, . . . , Jm . We deﬁne a parametrization of the whole boundary Γ as the complex
function η deﬁned on J by
η(s) :=
⎧⎨
⎩
η0(s), s ∈ J0 = [0,2π ],
...
ηm(s), s ∈ Jm = [0,2π ].
(1)
Let H be the space of all real Hölder continuous 2π -periodic functions φ(s) of the parameter s on J j for j = 0, . . . ,m,
i.e.,
φ(s) =
⎧⎨
⎩
φ0(s), s ∈ J0,
...φm(s), s ∈ Jm,
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function φˆ on Γ can be interpreted via φ(s) := φˆ(η(s)), s ∈ J , as a function φ ∈ H ; and vice versa. Let S be the subspace of
H that consists of real piecewise constant functions of the form
h(s) =
⎧⎨
⎩
h0, s ∈ J0,
...
hm, s ∈ Jm,
(2)
with real constants h0, . . . ,hm . Then S has the dimension dim(S) =m + 1. For simplicity, the piecewise constant function h
in (2) will be denoted by
h(s) = (h0, . . . ,hm).
3. The generalized Neumann kernel
Let θ be the piecewise constant function
θ(t) = (θ0, θ1, . . . , θm) (3)
where θ0, θ1, . . . , θm are given real constants. We deﬁne a complex-valued function A on Γ by
A(t) :=
{
ei(
π
2 −θ(t))η(t), if G is bounded,
ei(
π
2 −θ(t)), if G is unbounded.
(4)
For θ0 = · · · = θm = π/2, the function A in (4) is identical with the function A in [9, Eq. (12)]. The generalized Neumann
kernel formed with A is deﬁned by
N(s, t) := 1
π
Im
(
A(s)
A(t)
η˙(t)
η(t) − η(s)
)
. (5)
We deﬁne also a real kernel M by
M(s, t) := 1
π
Re
(
A(s)
A(t)
η˙(t)
η(t) − η(s)
)
. (6)
The kernel N is continuous and the kernel M has a cotangent singularity type (see [13] for more details). Hence, the
operator
Nμ(s) :=
∫
J
N(s, t)μ(t)dt, s ∈ J , (7)
is a Fredholm integral operator and the operator
Mμ(s) :=
∫
J
M(s, t)μ(t)dt, s ∈ J , (8)
is a singular integral operator.
The solvability of boundary integral equations with the generalized Neumann kernel is determined by the index (winding
number in other terminology) of the function A (see [13,7]). For the function A given by (4), the index κ j of A on the curve
Γ j and the index κ =∑mj=0 κ j of A on the whole boundary curve Γ are given for bounded G by:
κ0 = 1, κ j = 0, j = 1, . . . ,m, κ = 1, (9a)
and for unbounded G by
κ j = 0, j = 0,1, . . . ,m, κ = 0. (9b)
Although the function A in (4) is different from the function A in [9, Eq. (12)], both functions have the same indexes.
Furthermore, the function θ in (3) is constant on each boundary component Γ j , j = 0,1, . . . ,m. Thus, the following theorem
can be proved by using the same approach used in proving Theorem 2 in [6] and Theorem 9 in [7].
Theorem 1. For a given function γ ∈ H, there exist unique functions h ∈ S and μ ∈ H such that
A f = γ + h + iμ (10)
are boundary values of a unique analytic function f (z) in G with f (∞) = 0 for unbounded G. The function μ is the unique solution
of the integral equation
(I−N)μ = −Mγ (11)
and the function h is given by
h = [Mμ − (I−N)γ ]/2. (12)
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In this section, we shall formulated the mapping function ω(z) from the region G in the z-plane onto any domain Ω( j) ,
j = 1,2,3,4, of the above four canonical slit domains in the w-plane in terms of an auxiliary function f (z). The function
f (z) is an analytic function in G with f (∞) = 0 for unbounded G and satisﬁes the boundary condition
Re[A f ] = γ + h (13)
with a known function γ ∈ H and an unknown function h ∈ S . The problem (13) is known as “Riemann–Hilbert (RH)
problem”. In view of the index (9) of the function A, the RH problem (13) is uniquely solvable (see [13,7]).
Let μ := Im[A f ] (unknown function), then the boundary values of the function f are given by (10) with a known
function γ ∈ H and unknown functions h ∈ S and μ ∈ H which can be determined from (11) and (12), respectively. By
obtaining the boundary values of the function f , we can compute the values of the function f (z) for z ∈ G by the Cauchy
integral formula. Then we compute the mapping function ω(z) for z ∈ G ∪ Γ from the auxiliary function f (z) and the
parameters of the canonical domain from the function h.
4.1. An annulus with spiral slit domain Ω(1)
This canonical domain consists of a circular ring centered at the origin slit along m− 1 logarithmic spirals (see Fig. 1(a)).
We assume that ω maps the curve Γ0 onto the unit circle |w| = 1, the curve Γ1 onto the circle |w| = R1 and the curves Γ j ,
j = 2,3, . . . ,m, onto slits on the logarithmic spirals
Im
(
e−iθ j logw
)= R j, j = 2,3, . . . ,m, (14)
where R1, . . . , Rm are undetermined real constants and θ2, . . . , θm are given real constants. For j = 2,3, . . . ,m, θ j is called
the “oblique angle” of the spiral (14) and represents the angle of intersection between the logarithmic spiral (14) and any
ray emanating from the origin [14, p. 112, p. 127]. For θ j = 0, the spiral (14) is the ray arg(w) = R j emanating from the
origin, and for θ j = π/2, the spiral (14) is the circle |w| = e−R j . Assume that θ0 = θ1 := π/2. Then, the boundary values of
the mapping function ω satisfy
Re
[
ei(π/2−θ j) logω
(
η(t)
)]=
⎧⎨
⎩
0, j = 0,
ln R1, j = 1,
−R j, j = 2, . . . ,m.
(15)
For bounded region G , the function ω(z) is uniquely determined by assuming
ω(0) > 0. (16)
Thus the function ω(z) can be expressed in the form
ω(z) = c
(
1− z
z1
)
ezf (z) (17)
where c := ω(0) is an undetermined positive real constant and z1 is a ﬁxed point in G1. Hence
zf (z) = log(ω(z))− ln c − log
(
1− z
z1
)
. (18)
For unbounded region G , the mapping function ω(z) can be uniquely determined by assuming
ω(∞) > 0. (19)
Thus the mapping function ω(z) can be expressed in the form
ω(z) = c
(
z − z1
z − z0
)
e f (z) (20)
where c := ω(∞) is an undetermined positive real constant, z0 is a ﬁxed point in G0 and z1 is a ﬁxed point in G1. Hence
f (z) = log(ω(z))− ln c − log
(
z − z1
z − z0
)
. (21)
It follows from (15), (18) and (21) that the function f is the unique solution of the RH problem (13) where the function γ
is given for bounded G by
γ (t) := −Re
[
ei(π/2−θ(t)) log
(
1− η(t)
)]
, (22a)z1
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γ (t) := −Re
[
ei(π/2−θ(t)) log
(
η(t) − z1
η(t) − z0
)]
, (22b)
and h is the unknown piecewise constant function
h(t) :=
⎧⎨
⎩
− ln c, j = 0,
ln R1 − ln c, j = 1,
−R j − sin θ j ln c, j = 2, . . . ,m.
(23)
4.2. A disc with spiral slit domain Ω(2)
This canonical domain is the interior of the unit circle which has been slit along m logarithmic spirals (see Fig. 1(b)).
We assume that ω maps the curve Γ0 onto the unit circle |w| = 1 and the curves Γ j , j = 1,2, . . . ,m, onto slits on the
logarithmic spirals
Im
(
e−iθ j logw
)= R j, j = 1,2, . . . ,m, (24)
where R1, R2, . . . , Rm are undetermined real constants and θ1, θ2, . . . , θm are given real constants that represent the oblique
angles of the spirals (24) [14, p. 112, p. 127]. Assume that θ0 := π/2. Then, the boundary values of the mapping function ω
satisfy
Re
[
ei(π/2−θ j) logω
(
η(t)
)]=
{
0, j = 0,
−R j, j = 1,2, . . . ,m. (25)
For bounded G , the mapping function ω can be uniquely determined by assuming
ω(0) = 0, ω′(0) > 0. (26)
Thus the mapping function ω can be written as
ω(z) = czezf (z) (27)
where c := ω′(0) is an undetermined positive real constant. Hence
zf (z) = log(ω(z))− ln c − log(z). (28)
For unbounded G , the function ω can be uniquely determined by assuming
ω(∞) = 0, lim
z→∞
(
zω(z)
)
> 0. (29)
Thus the mapping function ω(z) can be expressed in the form
ω(z) = c
z − z0 e
f (z) (30)
where c := limz→∞(zω(z)) is undetermined positive real constant and z0 is a ﬁxed point in G0. Hence
f (z) = log(ω(z))− ln c + log(z − z0). (31)
It follows from (25), (28) and (31) that the function f is the unique solution of the RH problem (13) where the function γ
is given for bounded G by
γ (t) := −Re[ei(π/2−θ(t)) log(η(t))] (32a)
and for unbounded G by
γ (t) := Re[ei(π/2−θ(t)) log(η(t) − z0)], (32b)
and h is the unknown piecewise constant function
h(t) :=
{− ln c, j = 0,
−R j − sin θ j ln c, j = 1,2, . . . ,m. (33)
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This canonical domain is the entire w-plane with m + 1 slits along the logarithmic spirals (see Fig. 1(c))
Im
(
e−iθ j logw
)= R j, j = 0,1, . . . ,m, (34)
where R0, R1, . . . , Rm are undetermined real constants and θ0, θ1, . . . , θm are given real constants that represent the oblique
angles of the spirals (34) [14, p. 108, p. 127] (see also [4,5,11]). Then, the boundary values of the mapping function ω satisfy
Re
[
ei(π/2−θ j) logω
(
η(t)
)]= −R j, j = 0,1, . . . ,m. (35)
For bounded G , the function ω can be uniquely determined by assuming
ω(α) = 0, ω(0) = ∞, Resz=0 ω(z) = 1, (36)
where α is a ﬁxed point in G . Hence ω can be written as
ω(z) =
(
1
z
− 1
α
)
ezf (z). (37)
Thus, we have
zf (z) = log(ω(z))− log
(
1
z
− 1
α
)
. (38)
For unbounded G , the mapping function ω can be uniquely determined by assuming
ω(α) = 0, ω(∞) = ∞, lim
z→∞
ω(z)
z
= 1, (39)
where α is a ﬁxed point in G . Then ω can be written as
ω(z) = (z − α)e f (z). (40)
Hence, we have
f (z) = log(ω(z))− log(z − α). (41)
It follows from (35), (38) and (41) that the function f is the unique solution of the RH problem (13) where the function γ
is given for bounded G by
γ (t) := −Re
[
ei(π/2−θ(t)) log
(
1
η(t)
− 1
α
)]
(42a)
and for unbounded G by
γ (t) := −Re[ei(π/2−θ(t)) log(η(t) − α)], (42b)
and h is the unknown piecewise constant function
h(t) := −R j, t ∈ J j, j = 0,1, . . . ,m. (43)
4.4. Straight slit domain Ω(4)
This canonical domain is the entire w-plane with m + 1 straight slits on the straight lines (see Fig. 1(d))
Im
(
e−iθ j w
)= R j, j = 0,1, . . . ,m, (44)
where R0, R1, . . . , Rm are undetermined real constants and θ0, θ1, . . . , θm are given real constants that represent the oblique
angles of the lines (44) (the angles of intersection between the lines (44) and the real axis) [14, p. 103, p. 127]. Thus, the
boundary values of the mapping function ω satisfy
Re
[
ei(π/2−θ j)ω
(
η(t)
)]= −R j, t ∈ J j, j = 0,1, . . . ,m. (45)
For bounded G , the mapping function ω is uniquely determined by the normalization
ω(0) = ∞, lim
z→0
(
ω(z) − 1/z)= 0. (46)
Thus, the function ω can be written as
ω(z) = 1 + zf (z). (47)
z
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ω(∞) = ∞, lim
z→∞
(
ω(z) − z)= 0. (48)
Thus, the function ω can be written as
ω(z) = z + f (z). (49)
It follows from (45), (47) and (49) that the function f is the unique solution of the RH problem (13) where the function γ
is given for bounded G by
γ (t) := −Re
[
ei(π/2−θ(t))
η(t)
]
(50a)
and for unbounded G by
γ (t) := −Re[ei(π/2−θ(t))η(t)], (50b)
and h is the unknown piecewise constant function
h(t) := −R j, t ∈ J j, j = 0,1, . . . ,m. (51)
5. Numerical examples
Since the functions A j and η j are 2π -periodic, a reliable procedure for solving the integral equation (11) numerically
is by using the Nyström method with the trapezoidal rule [1]. Thus solving the integral equation (11) reduces to solving a
linear system
Ax= y. (52)
Since the integral equation (11) is uniquely solvable, then for suﬃciently large number of collocation points on each bound-
ary component, the linear system (52) is also uniquely solvable [1]. The linear system (52) is solved using the Gauss
elimination method. The computational details are similar to previous works [6,9,8].
In this section we consider three examples. In the ﬁrst two examples, we consider an unbounded and a bounded multiply
connected regions with smooth boundaries. In the third example, we consider an unbounded region with a piecewise
smooth boundary.
Example 1. The region G is the unbounded 3-multiply connected circular region with the boundary (see Fig. 3)
Γ1: η1(t) = 2+ e−it,
Γ2: η2(t) = −1− 2i+ 1.5e−it,
Γ3: η3(t) = −1+ 2i+ 0.7e−it,
where 0 t  2π .
This example is calculated with 128 collocation points on each boundary component. The region G and its images for
θ = (π/2,π/2,π/4) are shown in Fig. 3.
Example 1 has been considered for straight slit domain in [12, Example 17] for θ = (0,π/4,π/2). The image of the
region G for this case is shown in Fig. 4 (see [12, Fig. 31]).
Example 2. The region G is the bounded 7-multiply connected region with the boundary (see Fig. 5)
Γ j: η j(t) = ζ j + eiσ j (a j cos t + ib j sin t), j = 0,1, . . . ,6,
where the values of the complex constant ζ j , and the real constants a j , b j and σ j are as in Table 1.
This example is calculated with 128 collocation points on each boundary component. The region G and its images for
θ = (π/2,π/2,π/2,3π/4,0,0,π/4) are shown in Fig. 5.
Example 3. The region G is the unbounded 4-multiply connected region bounded by the four rectangles (see Fig. 6)
Γ0,1: η0,1(t) =
{
x+ iy: |x| = 2, |y ∓ 3| 1}∪ {x+ iy: |x| 2, |y ∓ 3| = 1},
Γ2,3: η2,3(t) =
{
x+ iy: |x± 2| = 1, |y| 1}∪ {x+ iy: |x± 2| 1, |y| = 1},
where 0 t  2π .
This example is calculated with 256 collocation points on each boundary component. The region G and its images for
θ = (π/2,π/2,0,0) are shown in Fig. 5.
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disc with spiral slit domain Ω(2) , (d) Spiral slit domain Ω(3) , (e) Straight slit domain Ω(4) .
Fig. 4. The image of a rectangular grid in G with grid size 0.2 for Example 1 for the straight slit domain Ω(4) with θ = (0,π/4,π/2).
Table 1
The values of constants a j , b j , ζ j and σ j in Example 2.
j a j b j ζ j σ j
0 4.0000 3.0000 −0.5000−0.5000i 1.0000
1 0.3626 −0.1881 0.1621+0.5940i 3.3108
2 0.5061 −0.6053 −1.7059+0.3423i 0.5778
3 0.6051 −0.7078 0.3577−0.9846i 4.1087
4 0.7928 −0.3182 1.0000+1.2668i 2.6138
5 0.3923 −0.4491 −1.9306−1.0663i 4.4057
6 0.2976 −0.6132 −0.8330−2.1650i 5.7197
M.M.S. Nasser / J. Math. Anal. Appl. 382 (2011) 47–56 55Fig. 5. A rectangular grid in G with grid size 0.15 and its images for Example 2. (a) Original domain G , (b) An annulus with spiral slit domain Ω(1) , (c) A
disc with spiral slit domain Ω(2) , (d) Spiral slit domain Ω(3) , (e) Straight slit domain Ω(4) .
Fig. 6. A rectangular grid in G with grid size 0.25 and its images for Example 3. (a) Original domain G , (b) An annulus with spiral slit domain Ω(1) , (c) A
disc with spiral slit domain Ω(2) , (d) Spiral slit domain Ω(3) , (e) Straight slit domain Ω(4) .
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The boundary integral method presented in [9] for computing the conformal mapping from bounded and unbounded
multiply connected regions onto the ﬁrst category of Koebe’s canonical slit domains (see [4]) has been extended in this
paper to compute the conformal mapping onto the second, third and fourth categories of Koebe’s canonical slit domains.
The method is based on a uniquely solvable boundary integral equation with the generalized Neumann kernel which is a
modiﬁcation of the generalized Neumann kernel used in [9]. The presented method can be used also for simply and doubly
connected regions.
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